Jak na separované proménné

Zakladni Gloha: Fesime rovnici y' = g(y) - f(x) pro f a g spojité.

Pri hledani feSeni postupujeme v nasledujicich Sesti krocich:

1.

definicni obor funkce f — maximalni intervaly /i, b, ...

2. definiéni obor a nulové body funkce g — max. intervaly Ji, J> ...
3.
4. zvolime kazdé | = I, a J = J; najdeme

stacionarni feSeni (nulové body g)

> F primitivni k f na /

> G primitivni k é na J
pro C € R najdeme maximalni intervaly v mnoziné
{x€l:F(x)+ Ce G(J)} — reseni G(F(x)+ C)

lepeni



Existence a jednoznacnost reseni

Zakladni Gloha: fesime rovnici y' = g(y) - f(x) pro f a g spojité.
» vétveni (nejednoznacnost) maze nastat pouze v bodé, na jehoz okoli
neni fg’ spojit,
> (lepeni) necht y; je feSenim na (a, b) a y» je feSenim na (b, ¢),
pokud lim yi(x) =L = lim yy(x), potom funkce y : (a,c) = R
x—>b— x—b+
definovana jako

yi(x), x € (a,b),

je fesenim na (a, c).
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Resme rovnici y’ = m
X

Méme f(x) = — =1
sme £() = <5 2 £()
1. D(f) =R\ {-1,0} maximalni intervaly

Il = (—OO, —].)7 I2 = (—1,0) I3 = (0, OO)

2. nulové body funkce g nejsou, D(g) =R,

5 =R
3. stacionarni reSeni nejsou
4,
log == I=h,!
Flx) = ¢ 8 PR G =y, J=4
log =% I=5h

5. {ix€lk:F(x)+CeGJ)} =k k=1,2,3, G }(y) =y a tedy

(X): |0gx_ﬁ+c XEI],I3,
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2. nulové body funkce g nejsou, D(g) =R,
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o = z = z 9ac
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Mame vsechna feseni? Mame f(x) =

mag(y)zl.
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Resme rovnici y' = y(y + 1).
Mame f(x)=1a g(y) =y(y+1).
1. D(f) = R maximalni intervaly

h=R

2. nulové body funkce g jsou —1 a 0, D(g) =R,

J1 = (*OO, *1), J2 = (71,0). J3 = (0,00)

3. stacionarni reSeni jsou y1 = —1a y, =0
4.
|0g ﬁ J= ../17 J3,

F(x)=x, I=h G(y):{

Iogy%ry1 J= .
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Resme rovnici y' = y(y + 1).

1. h =R

2. h = (_007 _l)a Jo = (_170) J3 = (0700)
3. stacionarni reSeni jsou y3 = —1la y, =0

4,

log X
F(x)=x, I=h G(y):{l 7T
8 y31

J= -/17J37
J - J2.
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Resme rovnici y' = y(y + 1).

1. h =R

2. h = (_007 _l)a Jo = (_170) J3 = (0,00)
3. stacionarni reSeni jsou y3 = —1la y, =0

4,

log J =,
F(x)=x, I=1h qm—{ly“ J_j ’
Ogy+1 = Jo.

5. 1=h=R J=J=(-00,-1), F(x) =x, G(y) = log ;7.

lim G(y)=0, ||m G(y) =00 = G(J)=(0,00)
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Resme rovnici y' = y(y + 1).

1. h =R

2. h = (_007 _l)a Jo = (_170) J3 = (0,00)
3. stacionarni reSeni jsou y3 = —1la y, =0

4,

|Og J:J1,J3,
F(x)=x, I=h G(y)—{I - iy
Ogy+1 = Jo.

5. 1=h=R J=J=(-00,-1), F(x) =x, G(y) = log ;7.

lim G(y)=0, ||m G(y) =00 = G(J)=(0,00)

y——00 ——1—

Pro C € R dostavame

{xel:Fx)+CeG)}={xeR:x+Ce(0,00)} =(—C,0).

et ex+C

Gi(t) = ot dava feseni y3(x) =

W, X € (7C,OO), C € R.
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Resme rovnici y' = y(y + 1).

1. h=R

2. J1 = (—OO7 —1), JQ = (—1,0). ./3 = (0,00)
3. stacionarni reSeni jsou y3; = —1ay, =0

4,

|OgL I:I1,/3
F(x) = x, G(y):{l y_"'yl I .
0gy+1 — 2

5. 1=h=R,J=J=(-1,0), F(x) =x, G(y) = log y_Tyl

lim G(y)=o00, lim G(y)=-00 = G(J)=(—00,0)

y——1+ y—0—
Pro C € R dostavame

{xel:F(x)+Ce G(N)} ={xeR:x+C € (—00,00)} = (—00, 0).

t x+C

G_l(t) = — : déVé reSeni y4(X) = —]-_T—7+C7
eX

T — xeR, CeR.
1+e
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Resme rovnici y' = y(y + 1).

1. h=R

2. h = (_007 _l)a S = (_170) ‘/3 = (0700)
3. stacionarni reSeni jsou y3 = —1ay, =0

4,

|OgL I:I1,/3
F(x) = x, G(y):{l y_“‘yl i
0gy+1 — 2

5. 1=h=R, J=J;3=(0,00), F(x) =x, G(y) = log #
im  Gy)=—c0,  lim G(y) =0 = G(J) =(-00,0)
Pro C € R dostavame
{xel:F(x)+Ce G(N)} ={xeR:x+C € (—00,0)} = (—o0,—C).

t x+C
€ PP €
dava feseni y5(x) =
1—et

Gi(t) = x € (—o0,—C), CeR.

1—ext¢’



Jak na separované proménné - priklady

Resme rovnici y' = y(y + 1).

1. h =R
2. h=(-00,-1), S =(-1,0). J3=(0,00)
3. stacionarni reSeni jsou y1 = —1a y, =0
4.
Fo)=x.  Gly)= {:Zgyygl ok
€ 71 =0h

> ex+C

ys(x) = {—oac X € (=C,0), CeR,

e +C
ya(x) = T xeR, CeR,

eX+C
ys(x) = —oic * € (—o0,-C), CeR.
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Resme rovnici y' = y(y + 1).
6. Mame reSeni:

nx)=-1, y(x)=0
ex+C
y3(X) = m7 X € (—C,OO), C (S R7

ex+ C

}/4(X):*Wa x€R, CeR,

ex+C
ys(x) = 1_eic X € (-0, -C), CeR
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Resme rovnici y' = y(y + 1).
6. Mame reSeni:
n(x)=-1, y(x)=0
ex+C

ex+ C

1+e 14 extC’
x+C
ys(x) = 1 _eic X € (-00,=C), CeR.

ya(x) = — x €R, C eR,

Jsou to maximalni feseni? — lepeni

eX+C

lim y3(x)= Ilim — =—-00
il (x) x——C+ 1 — ex+C
X+C
lim = ||m — = 0.
X—>— C—ys( ) x——C—1— extC

Lepit nelze.
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[=1]

=gt
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[=1]

=gt

Mame viechna feseni? Mame f(x) =1a g(y) = y(y +1).
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Resme rovnici y' = /1 — y2.
Mame f(x) =1a g(y) = v1—y2
1. D(f)=R, h =R
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Resme rovnici y' = /1 — y2.
Mame f(x) =1a g(y) = v1—y2
1. D(f)=R, h =R
2. D(g) =[-1,1], nulové body —1 a1, /; =(-1,1)
3. stacionarni reSeni jsou y3 = —lay, =1
4. F(x)=x, I=h; G(y) =arcsiny, J=J;.
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Resme rovnici y' = /1 — y2.

Mame f(x) =1a g(y) = v1—y2

1. D(f)=R, h =R

D(g) =[—1,1], nulové body —1a 1, J; =(-1,1)
stacionarni reSeni jsou y3 = —la y, =1
F(x)=x, I=h; G(y) =arcsiny, J=J;.
I=h=R J=J4=(-1,1), F(x) =x, G(y) = arcsiny.

A N

lim G(Y):—g, lim G(y):g — G(J):( T W)

y——1+ y—1— )
Pro C € R dostavame o
{(xel: Fi+Ce6U)}={xer:x+Ce(-7.5)}

71— ™
=(-Z-¢I- C) .

( 2 2
G~1(t) = sin t a tedy dostavame FeSeni

y3(x) =sin(x+ C), x € (—g—C,g—C), CeR.
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Resme rovnici y' = /1 — y2.

6. Mame reSeni:
nx)=-1, yx)=1
: T T
y3(x) =sin(x+ C), x € (_5_ C’E_ C), CeR.
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Resme rovnici y' = /1 — y2.

6. Mame reSeni:
nx)=-1, yx)=1
: T T
y3(x) =sin(x+ C), x € (_5_ C7§— C), CeR.

Jsou to maximalni reseni?

li — i . V= 1
X_}_lén_c+Y3(X) x—>—|%n—c+ sin(x + C)

lim  ys(x)= lim sin(x+C)=1
x—,5—C— x—>7§_c_

Takze miizeme (musime) lepit a pro C € R dostaneme maximalni

reseni
-1, x € (—00,-% = C)
F3(x) =<sin(x + C), xe€[-Z-C,Z-C(]
1, X € (g — C,oo)
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Pred lepenim:
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Po lepeni:

ka
T

1
=1

1

\

|
(8]
(5]
o

4L

Mame viechna feseni? Mame f(x) =1a g(y) = /1 — y2.
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Mame viechna feseni? Mame f(x) =1a g(y) =1 — y2.

=
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6xy§ 2x

Redme rovnici y' = )
1+ x2
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6xy§ ) 2x
T Mame f(x) = 1.2

1. D(f)=Ratedy h =R

Resme rovnici y' =
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6xy§ 3 2x
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6xy§ 3 2x
T Mame f(x) = 1.2

1. D(f)=Ratedy h =R
2. D(g) =R, nulovy bod je 0 a tedy J; = (—o0,0), J» = (0, 0)
3. stacionarni reSeni je y; =0

Resme rovnici y' =




Jak na separované proménné - priklady
3

16jryX2. Mame f(x) = 1 ixx2

D(f)=Ratedy h =R

D(g) =R, nulovy bod je 0 a tedy J; = (—00,0), /o = (0,00)

stacionarni reSeni je y; =0

F(x)=log(1+x%), I=h;  G(y)=y3, J=Ji, b

Resme rovnici y' =

el e
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3

16jryX2. Mame f(x) = 1 ixxz

D(f)=Ratedy h =R

D(g) =R, nulovy bod je 0 a tedy J; = (—00,0), /o = (0,00)

stacionarni reSeni je y; =0

F(x)=log(1+x%), I=h;  G(y)=y3, J=J,b.

I=h=R J=J =(-00,0), G(J) = (—00,0),

Resme rovnici y' =

AR A

{xel:F(x)+Ce GJ)} ={xeR:log(l+x?)+ C € (~0,0)}
= {x € R:log(1 + x?) € (—o0,—C)}
={xeR:1+x*€(0,e7 )}
=(—VeC—1VeC—1), C<O.

G1(t) = t3 a tedy dostavame feseni

va(x) = (log(1+x2)+C)3, xe(—Ve € —1,V/e€—-1), C<0
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bxy3 2
7 j(ry)iz. Mame f(x) = x

D(f)=Ratedy h =R

D(g) =R, nulovy bod je 0 a tedy J; = (—00,0), Jo = (0, 00)

stacionarni reSeni je y; =0

F(x)=log(1+x%), I=h;  G(y)=y5, J=J, b

I=h=R, J=J,=(0,00), G(J) =(0,00),

{xel:F(x)+CecGJ)} ={xeR:log(l+x?)+ C € (0,00)}

={xeR:log(1+x*)e(~C,0)} ={xcR:1+x*>c (e, 00)}
{( 00, —ve € —1)U(Ve C—1,00), C<0

Resme rovnici y' =

AR A

(—00,00), C>0.

“1(t) = t3 a tedy dostavame reseni
(x) (log(1+x?)+ C)}, x€(—o0,—Ve€—1), C<0
ya(x) = (log(1 +x*) + C)°, x€ (Ve ©—100), C<0
y5(x) = (log(1 + x?) + C)*, x € (~00,00), C>0
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2
3

6xy
14 x2°

Resme rovnici y' =

6. Mame reseni:

yi(x)=0

ya(x) = (log(1+x2) + C)}, xe (Ve C—1VeC—1), C<0
y3(x) = (log(1 +x*) + C)*, x € (~o0,—Ve € —1), C<0

ya(x) = (log(1 +x*)+ C)*, xe€ (Ve € —1,00), C<O

y5(x) = (log(1+x?) + C)*, x € (~00,00), C>0
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Resme rovnici y' = 16j_yx2.
6. Mame reseni:
yi(x)=0
ya(x) = (log(1+x2) + C)}, xe (Ve C—1VeC—1), C<0
y3(x) = (log(1+x*) + C)®, x € (—o00,—Ve € —1), C<O0
ya(x) = (log(1 +x*)+ C)*, xe€ (Ve € —1,00), C<O
y5(x) = (log(1+x?) + C)3, x€(—o00,0), C>0

ReSeni ys je urcité maximalni a protoze (pro C < 0)

lim  (log(1+x%) + C)* =0,

x—+4y/e~C—1

miiZzeme feSeni y», y3 a y4 lepit v krajnich bodech tvaru £v/e=¢ — 1.
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2

Xy 3

y
14+ x2°

Resme rovnici y/ = Tvar obecného maximalniho feseni bude bud
y

y5(x) = (log(1+x?) + C)3, x € (—o0,0), C >0,

nebo
(log(1 + x?) + C)3, x € (—o0, —Ve € —1],
0, x€(—Ve € —1,—Ve D 1],
y(x) =< (log(l+x*)+ D)}, xe(—Ve DP—-1,VeD-1),
0, x€[Ve D —1,Ve E-1),

(log(1 + x?) + E)3, x € [Ve E—1,00),

kde C,E <D <0, C,E € [-,0].
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Pred lepenim:
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Po lepeni:
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Po lepeni:
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Po lepeni:
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Po lepeni:
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Po lepeni:

[=1]
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